EXPLICIT CLASS FIELD THEORY FOR GLOBAL FUNCTION FIELDS 



DAVID ZYWINA 

Abstract. Let _F be a global function field and let F^^ be its maximal abelian extension. Following 
an approach of D. Hayes, we shall construct a continuous homomorphism p: Gal{F'^^ / F) Cf, 
where Cf is the idele class group of F. Using class field theory, we shall show that our p is an 
isomorphism of topological groups whose inverse is the Artin map of F. As a consequence of the 
construction of p, we obtain an explicit description of F^^. 

Fix a place oo of _F, and let A be the subring of F consisting of those elements which are regular 
away from oo. We construct p by combining the Galois action on the torsion points of a suitable 
Drinfeld A-module with an associated oo-adic representation studied by J.-K. Yu. 



1. Introduction 

Let F be a global field, that is, a finite field extension of either Q or a function field ¥p{t). Fix an 
algebraic closure F of F, and let F^^^ be the separable closure of F in F. Class field theory gives a 
description of the maximal abelian extension F^^ of F in F'^^p. Let 9p: Cp — )• Gal{F^^ / F) be the 
Artin map where Cp is the idele class group of F; see §1.5 for notation and [Tat67] for background 
on class field theory. The map Op is a continuous homomorphism. By taking profinite completions, 
we obtain an isomorphism of topological groups: 

Op-.Cp^ Gal(F^^/F). 

So Op gives a one-to-one correspondence between the finite abelian extensions L of in F^^"^ and 
the finite index open subgroups of Cp. For a finite abelian extension L/F, the corresponding open 
subgroup of Ci? is the kernel U of the homomorphism 

Cp % Gal(F^V^) ^ Gal(L/F) 

where the second homomorphism is the restriction map a ^ a\L (the group U is computable; it 
equals Ni/p{Cl) where N^^/p: Cp Cp is the norm map). However, given an open subgroup U 
with finite index in Cp, the Artin map Op does not explicitly produce the corresponding extension 
field L/F (in the sense, that it does not give a concrete set of generators for L over F; though it 
does give enough information to uniquely characterize it). Explicit class field theory for F entails 
giving constructions for all the abelian extensions of F. We shall give a construction of F^^, for a 
global function field F, that at the same time produces the inverse oi Op (without referring to Op 
or class field theory itself). 

1.1. Context. D. Hayes [Hay 74] provided an explicit class field theory for rational function fields 
F = k{t). He built on and popularized the work of Carlitz from the 1930s [Car38], who had 
constructed a large class of abelian extensions using what is now called the Carlitz module (this 
is the prototypical Drinfeld module; we will give the basic definitions concerning Drinfeld modules 
in §2). Drinfeld and Hayes have both described explicit class field theory for an arbitrary global 
function field F, see [Dri74] and [Hay 79]. Both proceed by first choosing a distinguished place oo 
of F, and their constructions give the maximal abelian extension of F that splits completely 
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at oo. Drinfeld defines a moduli space of rank 1 Drinfeld (elliptic) modules with level structure 
arising from the "finite" places of F whose spectrum turns out to be i^oo- Hayes fixes a normalized 
Drinfeld module (p of rank 1 whose field of definition along with its torsion points can be used to 
construct K^o (this approach is more favourable for explicit computations). 

One approach to computing the full field F'^'^ is to chose a second place oo' of F, since F^^ will 
then be the compositum of K^o and K^i . We wish to give a version of explicit class field theory 
that does not require this second unnatural choice. In Drinfeld's second paper on Drinfeld modules 
[Dri77] , he achieves exactly this my considering another moduli space of rank 1 Drinfeld modules 
but now with additional cx)-adic structure. As remarked by Goss in [Gos96, §7.5], it would be very 
useful to have a modification of Drinfeld's construction that can be applied directly to (p to give the 
full abelian closure F'^^ . We shall do exactly this! J.-K. Yu [Yu03] has studied the additional oo-adic 
structure introduced by Drinfeld and has teased out the implicit Galois representation occurring 
there. Yu's representation, which may also be defined for higher rank Drinfeld modules, can be 
viewed as an analogue of the Sato- Tate law, cf. [Yu03] and [Zywll]. 

1.2. Overview. The goal of this paper is to given an explicit construction of the inverse Op- 
Moreover, we will construct an isomorphism of topological groups 

p, wf" ^ Cf, 

where is the subgroup of Gal(-F^^/F) that acts on the algebraic closure of A; in F^*^^ as 
an integral power of Frobenius map x ^ x'^ (we endow with the weakest topology for which 
Gal(-F'^'^/A;) is an open subgroup and has its usual profinite topology). The inverse of our p will be 
the homomorphism a i— )• 0ir(a)~^ (Theorem 3.5). For an open subgroup U of Cp with finite index, 
define the homomorphism 

pu: Wf ^Cf^CpIU-, 

it factors through Gal(L;7/-F) where L\j is the field corresponding to IJ via class field theory. 
Everything about p is computable, and in particular one can find generators for Lij. 

In §2, we shall give the required background on Drinfeld modules; in particular, we focus on 
normalized Drinfeld modules of rank 1. The representation p will then be defined in §3.3. The rest 
of the introduction serves as further motivation and will not be needed later. After a quick recap 
of explicit class field for Q, we shall describe the abelian extensions oi F = k(t) constructed by 
Carlitz which will lead to a characterization of poo- We will treat the case F = k{t) in more depth 
in §5; in particular, we will recover Hayes' description of k{t)^^ as the compositum of three linearly 
disjoint fields. 

1.3. The rational numbers. We briefly recall explicit class field theory for Q. For each positive 
integer n, let pn be the subgroup of n-torsion points in Q'^; it is a free Z/nZ-module of rank 1. Let 

Xn- Gal(Q^VQ) (Z/nZ)x 

be the representation for which (t(C) = (^^"('^^ for all a G Gal(Q'^'^/Q) and ( € Pn- By taking the 
inverse image over all n, ordered by divisibility, we obtain a continuous and surjective representation 

X: Gal(Q'^VQ) ^ 

The Kronecker- Weber theorem says that Q^^ is the cyclotomic extension of Q, and hence x is an 
isomorphism of topological groups. 

The group x M+ can be viewed as a subgroup of A^, where M"*" is the group of positive 
elements of M^. The quotient map x Cq is an isomorphism of topological groups, and 
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by taking profinite completions we obtain an isomorphism = x M+ — > Cq. Composing x 
with this map, we have a isomorphism 

p: Gal(Q^VQ) ^ Cq. 

One can show that the inverse of the Artin map 9q: Cq ^ Ga^Q^'^/Q) is simply the map a i— ?> 
p{a)-K 

1.4. The rational function field. Let us briefly consider the rational function field F = k{t) 
where /c is a finite field with q elements; it is the function field of the projective line P].. Let oo 
denote the place of F for which A = k [t] is the ring of regular function of that are regular away 
from oo. 

Let Endfc(Ga^i?) be the ring of fc-linear endomorphisms of the additive group scheme Ga over F. 
More concretely, Endfc(Ga^i?) is the ring of polynomials '^iCiX'^^ € F[X] with the usual addition 
and the multiplication operation being composition. The Carlitz module is the homomorphism 

(j): Endfc(Ga,F), a ^ (pa 

of fc-algebras for which (pt = t + X^. Using the Carlitz module, we can give F^'^^ an interesting new 
^-module structure; i.e., for a G A and ^ € F^^^, we define a • ^ := 4>a{0- 

For a monic polynomial m & A, let (p[m] be the m-torsion subgroup of F^^^p, i.e., the set of ^ G F^°p 
for which m ■ = (equivalently, the roots of the separable polynomial (j)m S -^[^D- The group 
<j)[m] is free of rank 1 as an j4/(?7i)-module, and we have a continuous surjective homomorphism 

Xm-. Gal(F-Vi^)^(^/(m))x 

such that = Xmi^) ■ C for all a € Gal(-F'^'^/-F) and G (j)[m]. By taking the inverse image over 
all monic m A, ordered by divisibility, we obtain a surjective continuous representation 

X: Gal(F^^/F) ^ 1\ 

However, unlike the cyclotomic case, the map x is not an isomorphism. The field \JjyiF{(j)[m]) is 
a geometric extension of F that is tamely ramified at oo; it does not contain extensions of F that 
ramify at oo or the constant extensions. 

Following J.K. Yu, and Drinfeld, we shall define a continuous homomorphism 

p^-.W^'^^F^ 

where -Fqo = ^((^~^)) is the completion of F at the place oo. We will put off its definition (see 
§5 for further details in the k{t) case), and simply note that poo can be characterized by the fact 
that it satisfies /Ooo(Frobp) = p for each monic irreducible polynomial p of A. The image of poo is 
contained in the open subgroup := (t) ■ (1 + of F^. We can view A^ x F^ as an 

open subgroup of the ideles A^. We define the continuous homomorphism 

p: W^^ X F+ ^ Cf 

where the first map takes a € to {xi^)^ Poo{(^)) and the second map is the compositum of the 
inclusion map to with the quotient map A^ Cf- 

The main result of this paper, for F = k{t), says that the above homomorphism p: W'^ Cf 
is an isomorphism of topological groups. Moreover, the inverse of the Artin map 9f:Cf^ W^^ IS 
the homomorphism a i— )• p(cr)^^. In particular, observe that p does not depend on our initial choice 
of place oo! Taking profinite completions, we obtain an isomorphism p: Gal(-F^^/F) — > Cp- 

The constructions for a general global function field F is more involved; it more closely resembles 
the theory of complex multiplication for elliptic curves than the cyclotomic theory. We first choose 
a place oo of F. In place of the Carlitz module, we will consider a suitable rank 1 Drinfeld module 



(p. We cannot always take (j) to be defined over but we can choose a model defined over the 
maximal abelian extension Ha of F that is unramified at all places and splits completely at oo (we 
will actually work with a slightly larger field H^). 

1.5. Notation. Throughout this paper, we consider a global function field F with a fixed place 
oo. Let A be the subring consisting of those functions that are regular away from oo. Denote by k 
the field of constants of F and let q be the cardinality of k. 

For each place A of F, let Fx be the completion of F at A. Let ord^ : F^ Z he the discrete 
valuation corresponding to A and let Ox C Fx be its valuation ring. The idele group of F is 
the subgroup of (ax) € Ha -^a^' where the product is over all places of F, such that ax belongs to 
for all but finitely many places A. The group is locally compact when endowed with the 
weakest topology for which Ha^A' with the profinite topology, is an open subgroup. We embed 
F^ diagonally into A^; it is a discrete subgroup. The idele class group of F is Cp ■= A^/F^ which 
we endow with the quotient topology. 

Let rriA be the maximal ideal of Ox- Define the finite field Fa = Oa/ttia whose cardinality we 
will denote by N{\). The degree of the place oo is doo ■= [^oo ■ k]. 

For a place p of F, we will denote by Frobp an arbitrary representative of the (arithmetic) Frobe- 
nius conjugacy class of p in Gal(i^^°P/F). 

Let L be an extension field of k. We fix an algebraic closure L of L and let L^^'^p be the separable 
closure of L in L. We shall take k to be the the algebraic closure of k in L^^^. Let LP"''^ be the 
perfect closure of L in L. We shall denote the absolute Galois group of L by Gal^ := Gal{L^'^^ /L). 
The Weil group Wl of L is the subgroup of Gal^ consisting of those automorphisms a for which 
there exists an integer deg(cj) that satisfy cr{x) = x'?'*"^''^' for all x ^k. The map deg: Wl — ?• Z is 
a group homomorphism with kernel Gal(L'^'^P/LA;). We endow Wl with the weakest topology for 
which Gal(L'^'^P/Lfc) is an open subgroup with its usual profinite topology. Let Wf^ be the image 
of Wl under the restriction map GsIl — ?• Gal(L^^/L) where L^^ is the maximal abelian extension 
of L in L'^'^P. 

Let L be an extension field of k. We define L\t] be the ring of polynomials in r with coefficients 
in L that obey the commutation rule r • a = a'^r for a & L. In particular, note that L[t] will 
be non- commutative if L ^ k. We can identify L[t] with the /c-algebra Endfc(Ga,L) consisting of 
the /c-linear endomorphism of the additive group scheme Ga,L ; identify r with the endomorphism 
X^X''. 

Suppose that L is perfect. Let L((r~^)) be the skew-field consisting of Laurent series in r~^; 
it contains L[t] as a subring (we need L to be perfect so that ■ a = a}/'^T is always valid). 
Define the valuation ord,— i : L((r~-^)) — > Z U {+00} by ord,— 1 (^^ ajr"*) = inf{i : Oj 7^ 0} and 
ord^-i(O) = +00. The valuation ring of ord^-i is LIt-% i.e., the ring of formal power series in 
r~^. Again note that Lilr"^)) and L[r^^] are non- commutative if L ^ k. 

For a topological group G, we will denote by G the profinite completion of G. We will always 
consider profinite groups, for example Galois groups, with their profinite topology. 

Acknowledgements. Thanks to David Goss and Bjorn Poonen. 

2. Background 

For an in-depth introduction to Drinfeld modules, see [Dri74, DH87, Gos96]. The introduction 
[Hay92] of Hayes and Chapter VII of [Gos96] are particularly relevant to the material of this section. 
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2.1. Drinfeld modules. Let L be a field extension of k. A Drinfeld module over L is a liomomor- 
phism (j): A ^ L[t], X (px of A;-algebras whose image contains a non-constant polynomial. Let 
d: L[t] — )• L be the ring homomorphism that takes a twisted polynomial to its constant term. We 
say that (p has generic characteristic if the homomorphism docp: A — )• L is injective; using this map, 
we then obtain an embedding F ^ L that we will view as an inclusion. 

The ring L[t] is contained in the skew field LP°''^((r~^)). The map (p is injective, so it extends 
uniquely to a homomorphism cj): F ^ LP'^''^((r~^)). The function v. F — > Z U {+00} defined 
by v{x) = ord^-i(i;^x) is a discrete valuation that satisfies v{x) < for all non-zero x A; the 
valuation v is non-trivial since the image of 4> contain a non-constant element of L[t]. Therefore, 
V is equivalent to ordoo and hence there exists a positive r € Q that satisfies 

(2.1) oid^-i{(j)x) = rdooordoo(x) 

for all X F^ . The number r is called the rank of (j) and it is always an integer. 

Since L^'^'^^ {{t~^)) is complete with respect to ord^-i, the map (p extends uniquely to a homo- 
morphism 

(/.:Foo-^LP-f((r-i)) 

that satisfies (2.1) for all x G F^. This extension of (j) was first constructed in [Dri77] and will be 
the key to the 00-adic part of the construction of the inverse of the Artin map in §3.2. It will also 
lead to a more straightforward definition of the "leading coefficient" map /x^ of [Hay92, §6], see 
§2.2. 

Restricting our extended map (f) to Foo gives a homomorphism Fqo — > -i^P'^'^^lr"^]. After composing 
0|foo with the homomorphism LP'^''^|r~"'^] L^'^^^ which takes a power series in to its constant 
term, we obtain a homomorphism ¥^ ^ j^paf q£ ^--algebras whose image must lie in L. In 
particular, the Drinfeld module (p gives L the structure of an Foo-algebra. 

Given two Drinfeld modules </>,</>': A ^ L[t], an isogeny from (p to (p' over L is a non-zero / € L[t] 
for which fcpa = (p'af for all a E ^. 

2.2. Normalized Drinfeld modules. Fix a Drinfeld module cp: A ^ L[t] of rank r and also 
denote by cp its extension F^o — ^ LP°''^((r~^)). For each x € F^, we define fi(f,{x) € (LP*'^^)^ to be 
the first non-zero coefficient of the Laurent series cpx G L^'^^^ {{t~^)) . By (2.1), the first term of (px 
is fi(f,{x)T~'''^°° For a non-zero x E A, one can also define fJ.^{x) as the leading coefficient of 
(px as a polynomial in r. 

For x,y £ F^, the value iJ.^{xy) is equal to the coefficient of Htj,ix)T~^'^°° ■iJ,^{y)T~''''^°° 
and hence 

(2.2) ^^4-y) = ^^4-My)'^'^''^"'''^'^'■ 

With respect to our embedding Fqo ^ L arising from (p, we have /^^(x) = x for all x G F^. 

We say that cp is normalized if H(f,{x) belongs to F^ for all x G F^ (equivalently, for all non-zero 
x G A). If (p is normalized, then by (2.2) the map F^ — >■ F^ is a group homomorphism that 
equals the identity map when restricted to F^; this is an example of a sign function. 



Definition 2.1. A sign function for Fqo is a group homomorphism e: F^ — )■ F^ that is the identity 
map when restricted to F^. We say that (p is e-normalized if it is normalized and /i,^: F^ — > F^ is 
equal to e composed with some /u-automorphism of Fqq . 

A sign function e is trivial on 1 +moo, so it determined by the value e(7r) for a fixed uniformizer 

TT of Foo. 

Lemma 2.2. [IIay92, §12] Let e be a sign function for F^o and let cp' : A ^ L[t] he a Drinfeld 
module. Then cp' is isomorphic over L to an e-normalized Drinfeld module (p: A L[t]. 
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2.3. The action of an ideal on a Drinfeld module. Fix a Drinfeld module (p: A ^ L{t] and 
take a non-zero ideal a of A. Let I^^^ be the left ideal in L[t] generated by the set {(pa ■ a & o}. All 
left ideals of L[t] are principal, so la^tf, = L[t] ■ (pa for a unique monic polynomial (pa S L[t]. Using 
that a is an ideal, we find that Ia,(j>4>x Q la,^ for all x A. Thus for each x G A, there is a unique 
polynomial (a* (j))x in L[t] that satisfies 

(2.3) (pa ■ (px = {a * (p)x ■ (pa- 

The map 

a* (p: A ^ L[t], x ^ {a* (I))x 
is also a Drinfeld module, and hence (2.3) shows that (pa is an isogeny from to a* (p. 

Lemma 2.3. [Hay92, §4] 

(i) Let and b he non-zero ideals of A. Then (pab = (b * (p)a ■ (pb cLnd a* {b * (p) = (ob) * (p. 

(ii) Let a = wA be a non-zero principal ideal of A. Then (pa = fi^{w)~^ ■ (p^ and (a * (p)x = 
IJ'4>{w)~^ • (px ■ fJ-^piw) for all x £ A. 

Lemma 2.4. Let a: L ^ L' be an embedding of fields. Let (T{(p) : A — t- L'[t\ he the Drinfeld module 
for which (T{(p)x = a{(px), where a acts on the coefficients of L[t\. For each non-zero ideal a of A, 
we have a{a * 0) = a * cr(0) and a{(pa) = (j{(p)a- 

Proof. The left ideal of L'[t] generated by a{La^(j,) is Ia,a{<i>)> and hence cr{(pa) = c(</')a- Applying a 
to (2.3), we have 

(^{(P)a(^{(p)x = 0-{<Pa ■ 4>x) = 0-((a * (p)x ' (pa) = 0-(a * (p)x(y{(p)a, 

for all x £ A. This shows that a{a * (p) = a* (7{(p). □ 

2.4. Hayes modules. Fix a sign function e for Fqo. Let Coo be the completion of an algebraic 
closure Fqo of -Fqo with respect to the oo-adic norm; it is both complete and algebraically closed. 

Definition 2.5. A Hayes module for e is a Drinfeld module (p: A ^ Coo[t] of rank 1 that is e- 
normalized and for which d o (p: A — )■ Coo is the inclusion map. Denote by the set of Hayes 
modules for e. 

We know that Hayes modules exist because Drinfeld ^-modules over Coo of rank 1 can be 
constructed analytically [Dri74, §3] and then we can apply Lemma 2.2.^ 

Take any Hayes module (p G X^. Using that (pa € Coo[t] is monic along with (2.3), we see that the 
Drinfeld module a* (p also belongs to X^. By Lemma 2.3(i), we find that the group X of fractional 
ideals of A acts on X^. Let be the subgroup of principal fractional ideals generated by those 
X € that satisfy e{x) = 1. The group acts trivially on by Lemma 2.3(ii), and hence 
induces an action of the finite group Pic'''(^) := X/V~^ on X^. 

Proposition 2.6. [Hay92, §13] The set Xf, is a principal homogeneous space for Pic''~(j4) under 
the * action. 

We now consider the arithmetic of the set Xf,. Take any (p E and choose a non-constant 
y G A. Let be the subfield of Coo generated by F and the coefficients of (py as a polynomial in 
r. We call the normalizing field for the triple {F, oo,e). 

"'^In our construction of the inverse of the Artin map, this is the only part that we have not made exphcit. It is 
analogous to how one analytically constructs an elliptic curve with complex multiplication by the ring of integers Ok 
of a quadratic imaginary field K [The quotient C/Ok gives such an elliptic curve over C. We can then compute the 
j-invariant to high enough precision to identify what algebraic integer it is (it belongs to the Hilbert class field of K, 
so we know its degree over Q).]. The current version of Magma [BCP97] has a function AnalyticDrinf eldModule that 
can compute rank 1 Drinfeld modules that are defined over the maximal abelian extension Ha of F that is unramified 
at all places and splits completely at oo. 
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Lemma 2.7. [Hay92, §14] The extension H^/F is finite and normal, and depends only on the 
triple {F, oo,e). 

So for every cj) € X^, we have (^{A) C ii'^[r]. From now on, we shall view (/> as a Drinfeld module 
(/): A ^ H^[t]. Moreover, we actually have (j){A) C B[t] where B is the integral closure of A in 
H^. Since (p is normalized, we find that (p has good reduction at every place of not lying over 
oo (for each non-zero prime ideal ^ of B, we can compose (j) with a reduction modulo ^ map to 
obtain a Drinfeld module of rank 1 over B/^). 

There is thus a natural action of the Galois group Gal{Hj^/F) on X^. With a fixed (p £ X^, 
Proposition 2.6 implies that there is a unique function ip: Gal{H^/F) ^ Pic'^(yl) such that 
a{(j)) = V'(<^) * 4'- Lemma 2.3 and Lemma 2.4 imply that ip is & group homomorphism that does 
not depend on the initial choice of (j). A consequence of following important proposition is that ^ 
is surjective, and hence an isomorphism. 

Proposition 2.8. The extension H^/F is unramified away from oo. For each non-zero prime 
ideal p of A, the class ^(Frobp) of Fic~^ (A) is the one containing p. 

3. Construction of the inverse of the Artin map 

Fix a place oo of F. Throughout this section, we also fix a sign function e for Fqo and a Hayes 
module cp G Xgr (as described in the previous section). Let F^ be the open subgroup of F^ 
consisting of those x € F^ for which e{x) = 1. So as not to clutter the construction, all the lemmas 
of §3 will be proved in §4. 

3.1. A-adic representations. Fix a place A 7^ oo of -F; we shall also denote by A the corresponding 
maximal ideal of A. Take any automorphism a S Galp. Since the map ip of §2.4 is surjective, we 
can choose a non-zero ideal a of j4 for which o"(0) = a* (j). 

For each positive integer e, let </>[A^] be the set of 6 € -F that satisfy <j)xib) = for all x G A*^; 
equivalently, 0[A^] is the set of b (z F such that 4'\^{b) = (recall that we can identify each element 
of L[t] with a unique polynomial X^j>o Q^^' ^ -^[^D- We have i;^[A^] C F^'^'^ since the polynomials 
(px are separable for all x G A*^. Using the A-module structure coming from (j), we find that (plX^] is 
an A/A'^-module of rank 1. The A-adic Tate module of (p is defined to be 

Tx{(p) = Hom^(FA/OA, 0[A°°]) 

where i;^[A°°] = Ue>i</'[A'^]. The Tate module T\[(p) is a free OA-module of rank 1, and hence 
V\{(p) '■= Fx (^Ox F\{(p) is a one-dimensional vector space over Fa. 

For each e, the map (p\\^\ — > o"(i;^)[A'^], ^ 1— )• cr(i^) is an isomorphism of ^/A^-modules. Combining 
over all e, we obtain an isomorphism V\{a): V\{(p) — ^ ^\{'^[4>)) of FA-vector spaces. 

The isogeny (p^ from (p to a* (p induces a homomorphism (p[\'^] — )• (a * </')[A^] of A/A'^-module for 
each e. Combining together, we obtain an isomorphism V\{(pa)'- V\{(p) Vx{a * cp) of FX-vector 
spaces. 

Using our assumption (T{(p) = a* cp, the map V\{(pa) ^^ o V\{a) belongs to K\itFx{y\{'P)) ~ F\', 
we denote this element of F^ by p\{(t). 

Lemma 3.1. 

(i) Take cr, 7 € Gali? and fix ideals and h of A such that cr((p) = a*(p and ^{cp) = b*(p. Then 
{a^m = (ab) * </> and pf{a^) = pl{a)p\{^). 

(ii) Take a € Gali? and fix ideals and b of A such that (j{(p) = a*(p = b*(p. Then Pa(^)Pa('^)~^ 
is the unique generator w G F^ of the fractional ideal ba~^ that satisfies £{w) = 1. 

(iii) Take a G Galp and fix an ideal a such that (j{(p) = a * <p. Identifying A with a non-zero 
prime ideal of A, let f > be the largest power of X dividing a. Then ordA(pA('^)) — ~f ■ 
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By Lemma 3.1(i), the map 

pa: Gal^+ ^Oj^, a ^ pf (a) 

is a homomorphism. It is a continuous Galois representation and is unramified at all places not 
lying over A or oo (recall that (j) has good reduction at all places not dividing oo). 

3.2. oo-adic representation. By §2.2, our Drinfeld module (p: A ^ -^^aM extends uniquely to 
a homomorphism (j): Foo ^ {Hj^)^'^'^^{{T~^)) that satisfies (2.1) with r = 1 for all x G F^. Recall 

that we defined a homomorphism deg: Wp — » Z for which 0"(x) equals x'^'^"'^^'^^ = t^'^^^'^^ xt~ '^'^^^'^^ 
for all X & k. Given a series u € F{{t~^)) with coefficients in F^^p and an automorphism a € Galp, 
we define a{u) to be the series obtained by applying a to the coefficients of u. 

Lemma 3.2. 

(i) There exists a series u G -F|t~^]^ such that u~^(j){Foo)u C ki^T^^)). Any such u has 
coefficients in F^^^ . 

(ii) Fix any u as in (i). Take any a G Wp and fix a non-zero ideal a of A for which cr((j)) = a*(j). 
Then 

(/.^V(u)r'i'=s(")n-i G F{{t~^)) 
belongs to <p{F^) and is independent of the choice of u. 

Take a G Wp and fix a non-zero ideal a of ^ such that (t{(P) = a*(/). Choose a series u G i^|T~^]^ 
as in Lemma 3.2(i). Using that (j): F^o — > {Hj^)P'^'^^{{T~^)) is injective and Lemma 3.2(ii), we define 
p'^{cr) to be the unique element of for which 

'^(pSo(^))='A:V(n)r<l^s('^)n-i. 

We now state some results about p^{a); they are analogous to those concerning p°(o") in the 
previous section. 

Lemma 3.3. 

(i) Take o", 7 G Wp and fix ideals a and b of A such that cr{(j)) = a* (p o,nd ^{(f)) = b * (j). Then 
{a-f){(t)) = (ab) * (j), and we have pt,{(^-i) = plo{(^) ploil) ■ 

(ii) Take a G Wp and fix ideals a and b of A such that cr{(j)) = a*(p = b*(p. Then p'^{o')p^(a)~^ 
is the unique generator w G F^ of the fractional ideal ba~^ that satisfies e{w) = 1. 

Lemma 3.4. The map 

is a continuous homomorphism that is unramified at all places of not lying over 00. 

3.3. The inverse of the Artin map. For each a G Wp, fix a non-zero ideal a of A such that 
(7{(j)) = a* By Lemma 3.1(iii), (p°(o"))a is an idele of F. We define p{a) to be the element of the 
idele class group Cp that is represented by {p\{a))x. By Lemma 3.1(ii) and Lemma 3.3(ii), we find 
that p{cr) is independent of the choice of a. Lemma 3.1(i) and Lemma 3.3(i) imply that the map 

p : Wp Cp 

is a group homomorphism. The restriction of p to the finite index open subgroup Wjj+ agrees with 

W^^^F^x UO^.^Cp 

A^oo 

where the second homomorphism is obtained by composing the natural inclusion into with the 
quotient map — > Cp. Since the representations px are continuous, we deduce that Yl-,^ p\, and 



Poo--Wjj+ ^ F+, a^p^{a) 



hence p, is continuous. So we may view p as a continuous homomorphism Wp —?■ Cp. By taking 
profinite completions, we obtain a continuous homomorphism 



Recall that the Artin map 9p: Cp — > Gal(-F^^/-F) of class field theory gives an isomorphism 



of topological groups. Our main result is then the following: 

Theorem 3.5. The map p: Gal(-F^^/F) — > Cp is an isomorphism of topological groups. The 
inverse of the isomorphism Gal{F^^ / F) — )• Cp, a i— )• p{a)~^ is the Artin map Op. 

Before proving the theorem, we mention the following arithmetic input. 

Lemma 3.6. Fix a place A of F. Let p ^ A, oo he a place of F which we identify with the 
corresponding non-zero prime ideal of A. Then p^|_(Frobp) = 1. 

Proof of Theorem 3.5. Take an open subgroup U of Cp with finite index. Let Lu be the fixed field 
in F^'^P of the kernel of the homomorphism A Cp -» Cp/U; this gives an injective group 
homomorphism pjj: Gal{Lij / F) ^ Cp/U . Let Su be the set of places p of F for which p = oo or 
for which there exists an idele a G whose class m. Cp does not lie in U and satisfying ax = 1 
for A 7^ p and G . The set Sjj is finite since U is open in Cp. 

Take any place p ^ Su. Choose a uniformizer vTp of Fp and let a(p) be the idele of F that is vTp 
at the place p and 1 at all other places. Define the idele /3 := {p\{F]:ohp))\ ■ a(p) S A^. Lemma 3.6 
says that Px = 1 for all A 7^ p while Lemma 3.1(iii) tells us that ordp(/3p) = 0. By our choice of 
5(7, the image oi j3 m Cp must lie in U. Therefore, /3[/(Frobp) is the coset of Cp/U represented by 
a(p)~^. Li particular, note that Lu / F is unramified at all p ^ Su. The group Cp/U is generated 
by the elements a(p) with p ^ Su, and hence pu is surjective. Therefore pu'- Gal{Lu/F) — > Cp/U 
is an isomorphism of groups. 

Define the isomorphism Ou- Cp/U ^ Gal{Lu/F), a i-> {p^^{a))~^. For each p ^ Su, it takes 
the coset containing a(p) to the Frobenius automorphism corresponding to p. Composing the 
quotient map Cp — )> Cp/U with 6u, we find that the resulting homomorphism Cp — ?• G&l{Lu / F) 
equals the map a 1— >• 9p{a)\Lu where 9p: Cp — )• Gal{F'^^/F) is the Artin map of F. 

Recall that class field theory gives a one-to-one correspondence between the finite abelian ex- 
tensions L oi F and the open subgroups U with finite index in Cp. Let L C F^^p be an arbitrary 
finite abelian extension of F. Class field theory says that L corresponds to the kernel U of the 
map Cp — 7> Gal(L/F), a i-^- 9p{a)\L. By comparing with the computation above, we deduce that 
L = Lu- Since L was an arbitrary finite abelian extension, we deduce that F^^ = [j^ Lu- 

Taking the inverse limit of the isomorphisms pu- Gal{Lu/F) — > Cp/U as U varies, we find 
that the corresponding homomorphism p: Ga^F'^^/F) — ?> Cp is an isomorphism (the injectivity 
is precisely the statement that F^^ = [Ju^u)- The inverse of the isomorphism Gal(F^^/-F) — )> 
Cp, a I-)- p{a)~^ is obtained by combining the homomorphisms Ou- Cp/U ^ Gal{Lu / F); from 
the calculation above, this equals 9p. □ 

Corollary 3.7. The homomorphism p: Cp is an isomorphism of topological groups. The 

inverse of the isomorphism Cp, cr 1— t- p{a)^^ is the Artin map Op. 

Proof. This follows directly from the theorem. Observe that the natural maps 

GaliF^'^/F) and Cp Cp from the group to their profinite completion are both injective since F 

is a global function field. □ 



p: Gal(F^7F) ^ Cp. 



9p:Cp^ Gal(F^7F) 



Remark 3.8. 
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(i) The isomorphism p: Wp Cp depends only on F (and not on our choices of oo, e, and 

€ X,). 

(ii) Our proof only uses class field theory to prove that p is injective, i.e., to show that we have 
constructed all finite abelian extensions of F. 

4. Proof of lemmas 

4.1. Proof of Lemma 3.1. (i) By Lemma 2.3(i) and Lemma 2.4, we have {(T^)cj) = (ab) * cj) and 
cr((/)[,) = (y{(j))i,. By Lemma 2.3(i) and our choice of a, we find that = (a * (^)(, • 4>a = (T((^)(,0n = 
a(0b)0a. We have a{(t>^{a-\i))) = a{(t>\{0 for all ^ G fT(</')[A^], so Vx{a) o V^ict^b) ° Vxia)-^ and 
Vx{(j{4>ii)) the same automorphism of Vx{a{(j))). Therefore, 

Vxickab)-' o Vx{a^) = Vx{4>ar^ o Vx{a{(l,,))-^ o y;,(cT7) 

= Vx{4>ar^ o o VxicP,) o yA(^)^')~' o VA(a7) 

= VxicPa)-^ o o VxiA)'^ o o y;,(a7) 

= (Vxi^a)'^ o Vx{a)) o {VxiM'^ o y;,(7)). 

Thuspf(c77) = p^(a)p^(7). 

(ii) Since a * cp = b * (f), Lemma 2.6 implies that the fractional ideal bo ^ is the identity class in 
Pic+(A). There are thus non-zero wi,W2 G A such that (w;i)a = (^2)^ and £{wi) = £(^2) = 1- In 
particular, w := wi/w2 is the unique generator of ba~^ satisfying £{w) = 1. By Lemma 2.3(ii), we 
have (wi) * cj) = (p and (p^wi) = 'Pwi- Therefore, by Lemma 2.3(i) we have 

Similarly, (^1,(^2) = Mw2, and hence (j)a(l)wi = Mw2- Thus 

Px{^)p\{^r^ = ^A(0a)~' o Vx{<P^) = VxicPu,,) o Vx{(t>y.2r'- 

The automorphisms Vx{(j)wi) and Vx{(l)w2) both belong to Antp^{Vx{(j))) = F^ and correspond to 
wi and W2, respectively. We conclude that Pxi^^) Pxi^)~^ ~ ^^1^2"^ ~ 

(iii) We view A as both a place of F and a non-zero prime ideal of A. For each e > /, the kernel 
of cP[X-] ^ ^[X% C ^ C7-\M0) has cardinality |</)[A/]| = N{X)f. So p^(c7)-i = yA(^T-i) o Vx{<P,), 
which is an element of AutF^{Vx{4')) = F^ , gives an ©A-module homomorphism Tx{(j)) Tx{4') 
whose cokernel has cardinality N{X)^. Therefore, oicdx{Px{cr)~^) = /• In particular, we have 
ordxiplia)) = -/. 

4.2. Proof of Lemma 3.2. Fix a non-constant y A that satisfies e{y) = 1 and define h := 
—doc ordoo(y) > 1. Since (p is e-normalized and e{y) = 1, we have (j)y = + X]j=o ^j^^ foi" unique 
bj G H\. We set u = Yl^Q^i'^~^ with G F to be determined where oq / 0. Expanding out the 
series (pyU and ut^, we find that (j)yU = ut^ holds if and only if 

(4.1) af-a. = - h^^^-h 

0<j<h-l, 
i+j-h>0 

holds for all i > 0. We can use the equations (4.1) to recursively solve for ao 7^ 0, ai, 02, . . .. The 
ttj belong to F'^'^p since (4.1) is a separable polynomial in and the bj belong to C F'^'^p. Let 

be the degree h extension of k in k. The elements of the ring F{(t~^)) that commute with 
are kh{{T~^)). Since belongs to the commutative ring u~^(j){F^)u, we find that cj){Foo)u is a 
subset of kh{{T^^)). Thus u € F{{t~^))^ has coefficients in F^'^^ and satisfies n~-'^0(Foo)^* ^ ^((''"^^))- 
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Recall that (j) induces an embedding Fqo ^ L] this gives inclusions Fqo ^ L. Fix a uniformizer 
TT of Foo- There is a unique homomorphism t: — > fc((r~^)) that satisfies the following conditions: 

• i{x) = X for all X G Fqo, 

• t(7r) = T~'^°°, 

• ord,-- = daoOicdoo{x) for all x G F^. 

We have /.(-^oo) = ^od{{t~'^°°)). Let C be the centralizer of i(Foo) in F((r~^)). Using that Foo and 
r'^"" are in i(Foo), we find that C = Foo((r-'^°°)) = i(Foo). 

Take any v G Ffr-i]^ that satisfies ^-^(^00)1' ^ ^((t""^)). By [Yu03, Lemma 2.3], there exist 
wi and t(;2 G A;|r^^]^ such that 

for all X G Fqo- So for all x G Fqo, we have {u'Wi)l{x){uwi)~^ = 4>x = {vw2)i{x){vw2)~^ and hence 

{w2^V~^UWl)i{x){w2^V~^UWl)~^ = i{x). 

Thus W2^v~^uwi belongs to C C fc((r~^)), and so w = uw for some w G fclr"-*^]^. 

The coefficients of v thus lie in F^^^ since the coefficients of u lie in F'^'^p and w has coefficients 
in the perfect field k C _F***^p. This completes the proof of (i). Since w has coefficients in k, we have 
a{w) = rd<=g('^)u;r-<ieg('^) and hence 

= (T('u)a(w;)T'^^g('^)'u;-iu-i 

= (T('u)(r'^<=sWy;^-degW)^dcg(<x)^-l^-l 

This proves that independent of the initial choice of u. 

We now show that 0~^(T(n)r'^°s(o')^-i ]-)giQj^gg (j)(^Foo). We have seen that 4>{F^) is conjugate 
to i{Foo) in F{{t~^)) and that i{F^) is its own centralizer in F[[t~^)). Therefore, the centralizer 
of <^(Foo) in F((r~^)) is (j){Foo). So it suffices to prove that (j)~^a{u)T'^'^^^'^^u"^ commutes with (p^ 
for all X G A. Take any x G A. We have (j(u~^(/)^it) = t'^'^^'^{u~^(Pxu)t~'^^^°' since u~^(j),xU has 
coefficients in fc. By our choice of 0, we have (t{(I))x = (a * (p)x = 4'a4'x4'a^- Therefore, 

and one concludes that (j)~^a{u)T'^'^^^u~^ commutes with (px- 

The only thing that remains to be proved is that (/)~^a{u)T'^'^^^u~^ belongs to (j){F^). Since (p is 
e- normalized, this is equivalent to showing that the first non-zero coefficient of the Laurent series 
(j)~^a{u)T'^^^'^u~^ in is 1. Since (pa is a monic polynomial of r, we need only show that the 

first non-zero coefficient of a{u)T'^'^^'^u~^ G F{(t^^)) is 1, i.e., (j(ao)0(7'' ^ — ^- This is true since 

ttQ ^ k^; indeed, ao is non-zero and satisfies Cq — oq = by (4.1). 

Remark 4.1. Take any place p 7^ 00 of F and any valuation v. F^^'p — >■ Q U {+cxd} extending ordp. 
We have v{bj) > for < j < h {in §2.4, we noted that the coefficients of (j)y are integral over A). 
Using (4.1) repeatedly, we find that v{ai) > for all i > (the roots of (4.1), as a polynomial in 
Oj, differ by a value in kh). 

For each i > 1, the extension F [ai) / F {ai-i) is an Artin-Schreier extension. Since the right-hand 
side of (4.1) is integral at each place not lying over 00, we deduce that F {ai) / F {ai-i) is unramified 
at all places not lying over 00. 

Let L C F^^"^ be the extension of F generated by k and the set {aj}i>o, i.e., the extension of Fk 
generated by the coefficients of u. We find that L is unramified at all places of F away from 00. 
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4.3. Proof of Lemma 3.3. Fix a series u € -F|t as in Lemma 3.2(i). 

(i) We have 0(pS^((T7)) = (p~^^aj{u)T'^''^^''^K~^ and 4>{plo{l)) = 4>^^7{u)t'^'=^^^K~'^ . So it suffices 
to show that (j){p'^{a)) equals 

= '^„-t,V(7(n))T^^sM7(^)-Vb 

We showed in §4.1 that (/>ab = c^{(l>b)4'ai so we need only prove that 4>a^cr{(j)'^^'^{u))T'^^^^'^\(l)'^^'^{u))~^ 
and (j){p%^{a)) agree. By Lemma 3.2(ii), it thus suffices to show that {(j)'^^'^{u))~'^cj){Foo)4>b^l{'^) ^ 
M(r-i)). 

Take any x G Fqo. Since u ^(pxU belongs to fc((r ^)), so does 7(n ^(j)xu). By our choice of b, we 
have 

7('U~Vx^t) = 7(^i)~S(0)a;7M = 7W~"^(^' * <P)xl{u) = 7(n)" Vb</'x0b'S(^^), 
and hence {(t>^^ l{u))~^ (px{4'^^ is an element of A:((r~^)). 

(ii) First note that 

In §4.1, we showed that (/>n"'^</>b = 4'wi4'w\ where wi and W2 belong to A and w = wi/w2 is the 
unique generator of ba^^ satisfying e{w) = 1. Therefore, pSo(f'')Poo(<7)~^ = w as desired. 

4.4. Proof of Lemma 3.4. The map poo is a homomorphism by Lemma 3.3(i). Fix a series 
u = Yli>o CiT"' as in Lemma 3.2(i). For a £ ^h+j have ordoo(/Ooo(o")) = doo ord^-i ((?i)(poo(c))) = 
-doo deg(cr). 

So to prove that poo is continuous, we need only show that Gal{F^'^'^ / Hj^k) is continuous. 

It suffices to show that for each e > 1, the homomorphism 

/3e: Gal(F-P/F+fc) ^O^^ {Ooo/K^r 

has open kernel. For each a G Gal(F'^'^P/if^A;), we have (/)(/3oo(c")) = (y{u)u^^ . One can check that 
/3e(c) = 1, equivalently ordoo(Poo(c) — 1) > e, if and only if oYd^-\{a{u)u~^ ~ 1) = ord^-i((j(u) — u) 
is at least edoo- Thus the kernel of /3e is Gsi\{F^^^ / L(.) where is the finite extension of H'^k 
generated by the set {ci}o<i<edoo 

It remains to prove that p^o is unramified at all places of H'^ not lying over oo. Let V be the 
subfield of F^'^^ fixed by ker(/3oo); it is the extension of H\k generated by the set {ci}j>o. The 
field L' does not depend on the choice of n, since poo does not. In Remark 4.1, we saw that the 
extension L of Fk generated by the coefficients of a particular u was unramified at all places of F 
away from oo. Therefore, L' is unramified at all places of F away from oo, since L and H'^ both 
have this property. 

4.5. Proof of Lemma 3.6. First consider the case A ^ oo. For each e > 1, we have Frobp(^) = 
4>p{C} for all ^ G (/'[A'^] C F^'^^\ this was observed by Hayes [IIay92, p. 28], for a proof see [Gos96, 
§7.5]. Thus the map Vx{(t)p): Vx{(t)) Vx{(t)) equals Vx{Fiob^), and hence /o5^(FVobp) = Vx{(t)py^ o 
FA(FVobp) = 1. 

We may now assume that A = oo. Let Fp be an algebraic closure of Fp. The field Fp has a 
unique place extending the p-adic place of Fp and let Op C Fp be the corresponding valuation ring. 
The residue field of Op is an algebraic closure of Fp that we denote by Fp, and let rp : Op — Fp be 
the reduction homomorphism. 

Choose an embedding F ^ Fp. The restriction map Gal(Fp/Fp) — > Gal(F/F) is an inclusion 
that is well-defined up to conjugation. So after conjugating, we may assume that Frobp lies in 
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Gal(Fp/Fp); it thus acts on Op and we have rp(Frobp(^)) = rp(^)^(P) for all ^ G Op. We wih also 
denote by rp the map C'p((r~-^)) — >■ Fp((r~-'^)) where one reduces the coefficients of the series. 

In §2.4, we noted that the coefficients of (px are integral over A for each x ^ A. This implies that 
4>{A) C C'p[t]. Define the homomorphism 

4>:A^Op[T] ^Fp[r]. 

The map is a Drinfeld module over Fp of rank 1 since (p is normalized. Since (j) is normalized, 
we find that (px G C'p((r~^))^ for all non-zero x G A. Therefore, (piF) C C'p((r~"^)). Using that 
Cp((T~^)) is complete with respect to ord^-i and that (2.1) holds with r = 1, we deduce that 

0(i^oo) C Op((T-l)). 

We claim that rp induces an isomorphism 4>{F^) cp^Foo). Since 4> \s a Drinfeld module, 
and hence injective, the map rp induces an isomorphism (t){A) — > (i){A) which then extends to 
an isomorphism 4'{F) ~^ of their quotient fields. The map rp : (^{F) — >■ (^{F) preserves the 

valuation ord^-i so by the uniqueness of completions, rp also gives an isomorphism (p{Foo) </'(-Foo)- 

Thus to prove that /9So(Frobp) equals 1, it suffices to show that rp((/)(p§o(Frobp))) = 1. Lemma 3.2(i), 
along with Remark 4.1, shows that there is a series u G OplT"^]^ with coefficients in F^^^ such 
that u-^4>{F^)u C A-((r-i)). With such a series u, we have 

0(poo(Frobp)) = 0p"i Frobp (n)r'^n-i 

where d = deg(Frobp). The polynomial (f)p G F[t] has coefficients in Op and rp((/)p) = r"^; thus (j)p^ 
belongs to Op((r~-^)) and rp{(f)p^) = t~^. We have rp(Frobp(u)) = T^rp{u)T~'^ . Therefore, 

rp(,/.(poo(Frobp))) = rp(</.p-i)rp(Frobp(n))T%(^x)-i = r"-^ • t\{u)t-'' ■ t%{u)-' = 1. 

5. The rational function field 

We return to the rational function field F = k{t) where k \s a, finite field with q elements. Using 
our constructions, we shall recover the description of F^^ given by Hayes in [Hay 74]; he expressed 
F^^^ as the compositum of three linearly disjoint fields over F. In particular, we will explain how 
two of these fields arise naturally from our representation . 

We define A = it is the subring of F consisting of functions that are regular away from a 
unique place oo of F. We have Fqo = Fqo = k(lt~^)) and ordo©: F^ — )• Z is the valuation for 
which ordoo(t~^) = 1. Let e: F^ k^ be the unique sign function of F^o that satisfies e(i~^) = 1. 
Those X e F^ for which e(x) = 1 form the subgroup F+ := (i)(l + = (t)(l + moo)- 

Recall that the Carlitz module is the homomorphism (p: A ^ -^M; a i-^ 0a of /c-algebras for 
which (pt = t + T. In the notation of §2.4, is a Hayes module for e. The coefficients of <j)t lie in F, 
so the normalizing field for {F,oo,s) equals F. We saw that Gal{H^/F) acts transitively on 

Xe, SO X, = {cP}. 

For each place A of F (including oo!), we have defined a continuous homomorphism px: — ?> 
F^ , a I—)- p^{a). The representation px is characterized by the property that 

PA(Frobp) = p 

holds for each monic irreducible polynomial p & A = k[t] not corresponding to A (combine Lem- 
mas 3.1(ii), 3.3(ii) and 3.6 to show that /3;^(Frobp)p^''^(Frobp)~^ = p^{FTohp) is the unique generator 
w of pA that satisfies e{w) = 1). For A / oo, the representation px has image in O^, so it extends 
to a continuous representation Gal{F^^/F) — ?> O^. The image of poo lies in F^, but is unbounded 
(so it does not extend to a Galois representation). 
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Combining the representations p\ together, we obtain a continuous homomorphism 

(5.1) ^py.wf^^F+x n o^ 

A A^oo 

By composing J^;^ /9a with the quotient map Cp, we obtain a continuous homomorphism 

p: — )■ Cp. Corollary 3.7 says that p is an isomorphism of topological groups (and that the 
inverse of cr i— )• p{cr)~^ is the Artin map Op). The quotient map x Ha^oo ^a ~^ Cp is actually 
an isomorphism, so the map (5.1) is also an isomorphism. Taking profinite completions, we obtain 
an isomorphism 

(5.2) Gal(F'^V^) ^ H X J] Oj^ = (t) • (1 + moo) X J] 

Using this isomorphism, we can now describe three linearly disjoint abelian extensions of F whose 
compositum is F'"^^. 

5.0.1. Torsion points. The representation x '■= Tlx^ooP- Gal{F^^/F) Hat^oo ^a ~ arises 
from the Galois action on the torsion points of (j) as described in §1.4. The fixed field in F^^ of 
ker(x) is the field K^o := L)mF{(/)[m]) where the union is over all monic polynomials m of A, and 
we have an isomorphism Gal(Eroo/-^) — > ■ The field K^, which was first given be Carlitz, is a 
geometric extension of F that is tamely ramified at oo. 

5.0.2. Extension of constants. Define the homomorphism deg: — > Z by cr i— )• — ordoo(/9oo(c)); 
this agrees with our usual definition of deg{a) [it is easy to show that ord^-i ((^(/3oo(c))) equals 
ord^-i (r'^*^^^""^) = — deg((T), and then use (2.1) with r = d^o = 1]- The map deg thus factors 
through W{k{t)/k{t)) ^ Z, where W{k{t)/k{t)) is the group of a G Gal(A;(t)/A;(t)) that act on k 
as an integral power of q. Of course, k{t)/k{t) is an abelian extension with Gal(A;(t)/A;(t)) — > TL. 

5.0.3. Wildly ramified extension. Define the homomorphism 

it is well-defined since ordoo(Poo(o")) = — deg(cr) and since the image of poo is contained in F+ = 
(t)(l + moo)- Since 1 + moo is compact, this gives rise to a Galois representation 

/3: GaliF^'^/F) ^ l + moo- 

Let Loo be the fixed field of ker(/3) in F^^. The field Loo/F is an abelian extension of F that is 
unramified away from oo and is wildly ramified at cxj; it is also a geometric extension of F. 

We will now give an explicit description of this field. Define oq = 1 and for i > 1, we recursively 
choose ai G F^'^'^ that satisfy the equation 

(5.3) ai - ai = -taj-i. 

This gives rise to a chain of field extensions, F C F{ai) C F{a2) C F{a-^) C • • • . We claim that 

^oo=U^(«i)- 

The construction of poo starts by finding an appropriate series u G Flr^""^]^ with coefficients in 
^sGp_ j)g£i^g n ■= ^i>o'^iT~^ with the Oj defined as above. The recursive equations that the 
satisfy give us that cptu = ut (just multiply them out and check!). As shown in §4.2, this implies 
that u-^(l){Foo)u C k{{T-^)). For a G Wf, 

Pod (f ) is then the unique element of F^ for which 
4'{Poo{o')) = a{u)T'^'^^^'^^u~^ where (t{u) is obtained by letting a act on the coefficients of u. In par- 
ticular, 0(/3((7)) = a{u)u~^ for all a G Gal(Loo/L') since Loo/F is a geometric extension. We find 
that (3{a) = 1 if and only if cr{u) = n, and thus Loo is the extension of F generated by the set {aj}j>i. 
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Using the isomorphism (5.2), we find that -F*^^ is the compositum of the fields K^oi k{t) and 
Loo, and that they are hnearly disjoint over F. This is exactly the description given by Hayes in 
[Hay 74, §5]; the advantage of our representation p^o is that the fields k{t) and Lqo arise natm'ally. 
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